We review the ALPHA collaboration strategy for obtaining the QCD coupling at high scale. In the three-flavor effective theory it avoids the use of perturbation theory at α > ∼ 0.2 and at the same time has the physical scales small compared to the cutoff 1/a in all stages of the computation. The result Λ (3) MS = 332(14) MeV is translated to α MS (m Z ) = 0.1179(10)(2) by use of (high order) perturbative relations between the effective theory couplings at the charm and beauty quark "thresholds". The error of this perturbative step is discussed and estimated as 0.0002.
Introduction
This talk discusses the non-perturbative determination of α s , using lattice QCD as the non-perturbative definition of the theory and for its evaluation. One wants to relate α s (µ) =ḡ 2 s (µ)/(4π) (conventionally at µ = m Z and in the s = MS scheme) to experimental observables with negligible truncation errors from the use of perturbation theory (PT) at intermediate scales. This is a very relevant task, since α MS (µ) enters many important theory predictions, whether in LHC-or in flavor-physics. But it seems that it is sometimes overlooked that it is also a true challenge to achieve a good systematic precision. Both the Particle Data Group [1] and the Flavour Email address: Rainer.Sommer@desy.de (Rainer Sommer) Lattice Averaging Group [2] are therefore not just taking weighted averages of the individual determinations to arrive at their world averages.
We start with a note on definitions of the QCD coupling and Λ-parameters which is needed in order to understand what can be said non-perturbatively and what is intrinsically perturbative.
The standard is to use the MS renormalization scheme for QCD. Order by order in the coupling it defines the relation between the bare coupling and the renormalized MS coupling. There is no general definition of this relation beyond this series, i.e. beyond PT. Therefore, it is also hard to make firm statements about non-perturbative "contributions" or "corrections". However, it is not hard to get around this conceptual and practical problem. One may start from some short- Short-distance means that O s (µ) is defined in terms of fields concentrated within a 4-d region of linear size R = 1/µ. In this way, µ is the only energy scale that enters and the coupling runs with µ. Observable simply means that all c s i (or more precisely O s itself) are finite; no renormalization beyond the one of the coupling and quark masses is needed.
While it is not easy to start from experimentally accessible cross sections and directly relate them to such quantities, sufficient inclusiveness / smearing over energy makes it possible to approximately define physical couplings in terms of experimental data. However, a direct relation to experimental numbers is not really necessary, rather it is sufficient that the same theory and bare coupling uniquely predict the physical coupling and experimental quantities such as the mass of the proton or decay constants of pion and kaon, f π , f K . For a lattice computation this means that there is a great opportunity to choose coupling definitions which can be handled well technically. We will choose two different (families of) couplings, for reasons to be mentioned below. Note also that -rather exceptionally -it is a true advantage that lattice gauge theory works in Euclidean space-time.
We turn to the Λ-parameters. In massless renormalization schemes, which we assume throughout, 1 the integration of the Callan-Symanzik equation
yields the exact relation (at any µ)
with
The parameters Λ s are renormalization group invariant, i.e. independent of µ and, together with β s , give the coupling at any µ. Starting from the above equations it is a simple exercise to derive the exact relation of Λ-parameters Λ s /Λ MS = exp(c s 1 /(2b 0 )). Here one-loop PT yields the non-perturbative result. This is one reason, why we aim for the Λ-parameter. The second is that once we thus have converted from our scheme to Λ MS , the coupling can be computed by inserting the perturbative approximation
into eq. (4) and eq. (5) for s = MS. There, l b = 5 loops are known [3, 4, 5] , making the correction term
due to the difference β pert s − β s very small in the region where PT applies at all.
2
As we will see, the strategy of the ALPHA collaboration allows to reach µ = O(100 GeV) non-perturbatively and only there uses PT. The perturbative error eq. (6) is then around [α SF (100 GeV)] 2 = 10 −2 since in the used SF scheme, the function β pert SF is known to l b = 3 loops.
2. Non-perturbative α s : meeting the challenge
Challenge
As said, we have great freedom in our choice for O s (µ), defining the coupling, but it is a challenge to reach large µ (small error term eq. (6)) in a lattice computation. The reason is that numerical computations involve both a discretization length, the lattice spacing, a, and a total size of the system, L that is simulated. For standard observables, e.g. the potential of static quarks at short distance, there are finite L effects of order exp(−m π L) requiring L to be several fm. At the same time, one needs to suppress discretization errors of order a 2 µ 2 and should extrapolate to a 2 µ 2 → 0. The resulting inequalities
lead to the need of very large lattices. To get a feeling for numbers, we show a semiquantitative plot of the region in α(µ) which enters eq. (6) vs. a 2 µ 2 , which determines the size of the (minimal) discretization errors for the range of lattice spacings a > 0.04 fm reached in the simulations that dominate the present estimates of α s by the PDG and FLAG [1, 2] . The desired (0, 0) point in that plot can only be reached by large extrapolations. 
Finite size schemes
However, it has been proposed long ago [6] , that one may identify the scales R = L = 1/µ by introducing an observable O s which depends only on the scale L, not on any other ones. Finite size effects are part of the observable rather than one of its errors. Instead of eq. (7) the only restriction is
such that L/a = 10 − 50 lattices are sufficient. Apart from the definition of such observables, it remains to clarify how one connects the perturbative region (large µ where one can use eq. (4), eq. (5) with perturbative β s = β pert s ) with the hadronic region (large L, where exp(−m π L) effects are negligible and one can connect the theory parameters to f π , f K ). This is achieved by
Step scaling
One replaces the derivative of the coupling with respect to the scale, i.e. the β-function, by the change of the coupling when the scale is varied by a factor of two [6] .
is called the step scaling function. Non-perturbatively it is computed as the continuum limit
of its lattice approximants Σ. At finite lattice spacing the conditionsḡ 2 (1/L) = u and m = 0 refer to a (L/a) 4 lattice and fix the bare coupling and bare quark mass of the theory.ḡ 2 (1/(2L)) is evaluated for the same bare parameters on a (2L/a) 4 lattice, cf. figure 2. Setting m = 0 ensures the quark mass independence of the scheme [7] . A recursion then provides us withḡ 2 at discrete points along the energy axis,
Ten such steps cover three orders of magnitude in µ.
In the 90's and 00's a suitable definition of the coupling was developed [8, 9] and the above programme was carried out for N f = 0, 2 by the ALPHA collaboration. PACS-CS applied the same strategy for N f = 3 [10] and partial results are available for N f = 4 [11] . The review [12] contains more references. In the following, we report on our new results for N f = 3 which achieve a precision which far exceeds previous ones and leads to a determination of α MS (m Z ) as precise as the current world average and -as we would argue -with much improved systematic control over perturbative errors and discretization effects.
An optimized strategy
One reason for the enhanced precision is that at approximately 4 GeV we switch to a new scheme [13, 14] which has much better statistical accuracy for small µ. Unfortunately, the computation now has an increased number of steps to be explained. Here we can just give an overview following the sketch in figure 3 .
High energy region: Schrödinger functional coupling
Our scheme [9] for the high energy region, reviewed in [16, 17, 12] , is based on the so-called Schrödinger functional (SF) [8, 18] . Here, we just summarize what is needed to judge our findings below. Dirichlet boundary conditions are imposed in Euclidean time, Figure 5 : Continuum extrapolation of Σ in our GF scheme [14] using the discretized flow of [20] .
and the gauge potentials A µ are taken periodic in space with period L. The six dimensionless matrices
, depend on the two real parameters η, ν.
With these boundary conditions the field which minimizes the action is unique up to gauge equivalence [9] and denoted by A µ = B 
well suited for a Monte Carlo evaluation in the latticised theory. Small fluctuations around the background field generate the non-trivial orders in PT. The whole oneparameter family of couplings can be obtained from numerical simulations at ν = 0, since we have
withḡ 2 ≡ḡ 2 ν=0 and 12πv = − ∂ ν ∂ η S η=ν=0 . Advantageous properties of these couplings are: 1. at large µ the statistical error decreases proportional toḡ 4 . 2. The typical ∼ µ −1 , µ −2 renormalon contributionsare absent due the finite volume infrared momentum cutoff. Instead, the leading known non-perturbative contribution is of order (Λ/µ) 3.8 [15] . 3. The β-function is known including its three-loop term. It is well behaved. 4. As shown in figure 4 and discussed in [15] discretisation effects are very small. At tree-level of perturbation theory they are O((a/L) 4 ). We subtract [21] the known perturbative pieces including two-loop order [22] .
The main downside of the SF scheme (see [15] for details) is that at larger couplings the precision deteriorates. This is avoided by the switch to the GF scheme. . These numbers (points with error bars in figure 6 ) have to converge to the true L 0 Λ SF with a rate proportional to α 2 (2 k /L 0 ). The numerical results strongly support this. Given that all data points in the graph use PT for α < 0.2 only, the magnitude of differences at finite α is surprisingly big. In order to exclude that this is a statistical fluctuation, we show the function ω in figure 7 . It differs by many standard deviations from the two-loop (linear) function, shown in the graph.
These inaccuracies of PT do not pose a problem to us because we can (and do) simply go to α 0.1 but they are a warning about estimating uncertainties of perturbative predictions.
In figure 3 we have now connectedḡ The function ω(ḡ 2 ) after continuum extrapolation, covering the ±1σ band of two fits described in the text. (21) (16) and move on to lower energy.
From 4 GeV to 200 MeV: Gradient Flow coupling
The first step combines the change of scale with the change to the new scheme derived from the Gradient Flow [23, 13, 20, 14] intō
The continuum limit is understood.
Step scaling functions in the GF scheme are then computed and extrapolated to the continuum limit in a similar manner as before; only extra care has to be taken about higher than a 2 /L 2 discretization effects -a glance at figure 5 shows that a 2 /L 2 terms are significant. We fit the continuum σ to a parameterization of the β-function,
The parametrization allows us to directly obtain scale factors corresponding to the change of couplings,
In particular a careful analysis yields . From this analysis together with the one in the previous section, we also obtained the non-perturbative β-functions in the two schemes, in the respective energy ranges considered. A nice graph is found in [14] .
Hadronic scales
We have to fix L had in physical units from L had = (L had m had ) (3) /m exp had where m had is an experimentally accessible low energy mass (scale) and (L had m had ) (3) is the dimensionless number computed in QCD with three quark flavors. While it is most natural to use the proton mass, m p , technical limitations explained in detail in [24] lead us to choose the leptonic decay constant of pion and kaon, even though their phenomenological values f π = 130.4(2) MeV and f K = 156.2(7) MeV depend on the knowledge of V ud and V us [2] .
Our computation of hadronic scales is based on the CLS large volume simulations with two degenerate light quarks, m u = m d and one additional strange quark [25] . In these simulations the trace, m u + m d + m s , of the quark mass matrix is held constant [26] while varying m u = m d in approaching the physical point defined by physical values for m π / f πK , m K / f πK . Along this trajectory in the quark mass plane the linear combination
has a particularly simple dependence on m u . Thus it can be extrapolated well from the simulation points to the physical point. Using this feature, the physical f πK was related [27] to t * 0 , the Gradient Flow scale, t 0 introduced by M. Lüscher [23] at the particular reference mass point 
Inserting the phenomenological f π and f K yielded
Just like our running couplings, it is irrelevant that t * 0 can't be measured directly in experiment. What matters is that we control the relation to Nature through f πK . The scale t * 0 is convenient to finally determine L had in physical units because it is defined in the massdegenerate theory with quark masses far heavier than the physical up and down quark masses. Thus there are only two parameters and, since m π is larger than in Nature, simulations are easier and finite size effects are smaller.
These properties enable determinations of t * 0 /a 2 and L had /a at five common values of a (or bare coupling g 0 ) followed by a continuum extrapolation
shown in figure 8 . With eq. (23) we then find the preliminary values Figure 8 : Preliminary continuum extrapolation of (t * 0 ) −1/2 L max . The large volume simulation with the smallest lattice spacing is unfinished and therfore only included as an illustration. Extrapolations with 4,3 and 2 data points are shown together with a range for the continuum value covering all of them. It is taken as our preliminary result.
Connection to the 5-flavor theory and α MS (m Z )
There is little doubt that 3-flavor QCD describes the low energy (E) phenomena including L had f πK with high precision [28, 2] . In other words, the (E/m c ) 2 corrections in the effective theory expansion are small. However, Λ (3) needs to be related to Λ (5) because physical processes at high energies need N f ≥ 5-flavor QCD and the standard α MS (m Z ) is defined in the N f = 5 theory.
It has long been known how to connect these theories perturbatively [29, 30] and we now have 4-loop precision [31, 32] in the relation
where m * = m MS (m * ) is the mass of the decoupled quark. Together with eq. (4) and β → β pert , we obtain the ratio of the Λ-parameters. We illustrate this by the (red) steps on the left in figure 3 .
With the available perturbative precision, we find 
The first error in α is just propagated from the one in Λ, which in turn is obtained by standard error propagation of all previously discussed numbers which were put together. The second error represents our estimate of the uncertainty from using PT in the connection Λ . We arrive at it as follows. The 2, 3, 4-loop terms in eq. (26) combined with the 3, 4, 5-loop running lead to contributions 109, 15, 7 (in units of 10 −5 ) to α MS (m Z ). We take the sum of the last two contributions as our error in eq. (28) . Within PT, this represents a very conservative error estimate: the known terms of the series behave similar to a convergent series but we treat it like an asymptotic one. The possibility remains that PT is entirely misleading when we apply it at µ = m c , decoupling the charm quark. As long as we do not have a computation of all the above steps with N f = 4, we have to live with this -in our opinion unlikely [28] -possibility. It would mean that the second error estimate is far off due to a breakdown of PT for Λ (3) /Λ (4) . We thank the following computer centres and institutions for computing resources and support: HLRN in Berlin, NIC at DESY, Gauss Centre for Supercomputing (GCS) in Munich and Jülich , Altamira HPC facility at the University of Cantabria, and PRACE.
